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Our main result improves the known processor bound by a factor of n 4 (maintaining the 
expected parallel running time, O(iog 3 n)) for the following important problem: find a perfect mat- 
ching in a general or in a bipartite graph with n vertices. A solution to that problem is used in parallel 
algorithms for several combinatorial problems, in particular for the problems of finding i) a (perfect) 
matching cf maximum weight, ii) a maximum cardinality matching, iii) a matching of maximum 
vertex weight, iv) a maximum s - t  flow in a digraph with unit edge capacities. Consequently the 
known algorithms for those problems are substantially improved. 

1. Introduction 

Given a computational problem, the usual initial goal of  the design and 
analysis of  parallel algorithms is to establish that the problem belongs to NC (or 
RNC), that is, to solve it with a parallel algorithm (or with a randomized parallel 
algorithm, respectively)in time t=O(logkn) with P=O(n~) processors. Once 
such a goal is achiex, ed, we try to improve the solution (to reduce the constants k 
or q or both). In particular, the initial solutions are usually not processor efficient 
(q is very large). 

It is well known that every parallel algorithm A that uses P processors and 
time t gives rise to a family of parallel algorithms with P" processors (I ~ P'~_ P) 
and time t'=t[P/Pq. In particular this yields a sequential algorithm (P'= 1) 
with t'= tP. In case P is very large, this sequential algorithm may have time comple- 
xity much inferior to the best sequential algorithm known. "Ihus A is useful only 
ff the number of available processors is close to the best sequential time (within, 
say a polylogarithmic factor). 

The best one can hope for (without improving the best sequential algorithm) 
is to design a parallel algorithm A with time t and P processors, such that Pt=t', 
where t" is the time complexity of the best sequential algorithm. 
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In this paper we will substantially (by a factor of  n 4) improve the previous 
best processor complexity bound of [7], for the important problem of  computing 
a perfect matching in a general undirected graph G=(V, E), IVl=2n. This proces- 
sor improvement does not require to increase the time bound of [7]. As a result, 
similar (and sometimes even greater) improvements are derived for several other 
computational problems. 

We will state the processor bounds in the two machine models of parallel 
computation, [3], that is, in the arithmetic model and in the (more realistic) Boolean 
model where each processor may perform an arithmetic (or, respectively, Boolean) 
operation in one unit of time. We denote the processor bounds in these two models 
Oa(f(n)) and OB(g(n)), respectively. (For the problems that we consider, our 
asymptotic time bounds are the same in both models.) We estimate the number of 
processors in terms of n and M(n) where M(n) is the best sequential arithmetic time 
for n• matrix multiplication. In practice (for moderate n) n•  n matrix multiplica- 
tion takes 2n3--n 2 arithmetic operations but asymptotically M(n)=O(n ~) where 
/~<2.38 [5]. (For simplicity we will present our processor bounds ignoring poly- 
logarithmic factors; in fact the estimate for the exponent fl seems to be a subject 
for a further improvement.) 

Next we will state our main problem and our main result. 
Given an undirected graph G= (V, E), a pelfect matching is a subset M of 

the edge set E such that every vertex appears in exactly one edge of M. We take 
IVl=2n, so that [Ml=n. Testing whether a graph has a perfect matching has 
been known to be in RNC for some time [3], but it was not known until very 
recently whether the following problem is in RNC. 

Problem 1. Given a graph G that has a perfect matching, find a perfect matching in G. 

In a recent elegant paper, Karp, Upfal, and Wigderson [7] showed that 
Problem 1 is in RNC by designing a randomized parallel algorithm of time complexity 

3 4 O(log n) that uses O(n M(n)) processors. They do not specify the computational 
model, but their argument only supports such a bound in the arithmetic model. 
More precisely, their processor bound is Oa(n4M(n)) or OB(nSM(n)), see our more 
specific comments in Seetion 2. We improve that processor bound by a factor of n 4. 

Theorem 1.1. Problem 1 can be solved t~y a probabilistic algorithm h~ expected time 
O(log3n) using Oa(M(n)) or OB(nM(n)) processors. 

As does the algorithm in [7], our improved version has an expected number 
O(log n) of iterations. Our improvement reduces each iteration to the following 
problem (where k =  8). 

Problem 2. Compute the inverse A -1 and the determinant det A of  an nXn integer 
matrix A with entries bounded by O (n k) for a constant k. 

Then Theorem 1.1 follows from the next result. 

Theorem 1.2. Problem 2 can be solved deterministically in time O(log z n) using 
OA(M(n)) or OB(n~M(n)) processors or probabilistically in expected time 0 (log s n) 
using On(n g (n)) processors. 
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Remark 1.1. Note that Theorem 1.2 is about exact integer matrix inversion over 
rationals. In case of inverting a matrix over Zp for a constant p, I heorem 1.2 does 
not apply and it is an open problem how to compute the inverse in time O(log ~ n) 
with OB(M(n)) processors. The known methods ([11]) require larger numbers of  
processors. 

Remark 1.2. Recall that A-X=adj A/det A where adj A is the matrix of  cofactors 
of A. In our case adj A and det A are integer. ('lhe matrix A -1 is output as the pair 
of adj A and det A.) 

In [7] the authors use their solution to Problem 1.1 to demonstrate that the 
following problems are in RNC: (i) finding a (perfect) matching of maximum weight, 
when edge weights are given in unary, (ii) finding a maximum cardinality matching, 
(iii) finding a matching of maximum total vertex weight when vertex weights are 
given in binary, (iv) finding a maximum s--t flow in a directed graph with unit 
edge capacities. The following table shows the upper bounds on the processor 
complexity for Problems 1 and (i)--(iv) in the Boolean circuit model. "lhose bounds 
support the time bounds O(log n log s (nw*)) in (i), where w* is the maximum weight 
of all edges, and O(log 3 n) in (ii)--(iv) (both in [7] and in our algorithm), compare 
also Remark 3.5 in Section 3. 

Problem Previous best bounds New algorithms 

1. Oa(n'M(n)), On(nSM(n)) Oa(MCn)), On(nM(n)) 
i) On(w*n"M(n)) O.(w*n'M(n)) 
ii) O.(n"M(n)) On(n~M(n)) 
iii) O.(n'(M(n))) On(n"M(n)) 
iv) O.(n~'M(n)) On(n'M(n)) 

The new processor bounds follow from Theorem 1.1 and reductions of  
Problems (i)--(iv) to Problem 1 similar to those in [7]. In the case of bipartite graphs 
the new algorithms for problem i)--iii) can be further improved, so that the processor 
bounds displayed in the summary can be further decreased by a factor of  n, see 
Lemma 3.2 in Section 3. H. Gabow [6], announced that this improvement (of the 
above processor bounds by a factor of  n in cases i)--iii)) can be extended to general 
graphs also. Recently K. Mulmuley, U. Vazirani and V. Vazirani [9], improved the 
expected time bound for Problem 1 to O(log ~ n), but this required to increase the 
processor bound n ~ times, fl>2. 

In Section 2 we present our algorithm for Problem 1, in Section 3 we extend 
it to solving Problems i) iv), in Section 4 we state the related open problems. 

Acknowledgement. The authors thank the referee for helpful comments, in particular, 
for the idea of the improvement of the proof of Lemma 2.5, which initially was more 
complicated. 
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2. Computing a perfect matching in a graph 

With high probability the Krap--Upfal--Wigderson (KUW)-algorithm has 
O(log n) iterations. In each iteration the algorithm identifies a redundant set of 
edges RE. A set Ac_E of edges in a graph G=(V, E) is called redundant if G'= 
=(V, E--A) conta~s a perfect matching. ~lhe bound O(logn) on the expected 
number of iterations follows from the fact that in each iteration we have that (for 
some positive constants e and/~) 

(2.1) IRE I >= ~IEI with probability >fl, 

until less than 0.75 [VI nonredundant edges are left. The latter ease is easily treated, 
because at that point at least 0.25 IVI edges have at least one endpoint of  degree 1 ; 
all such edges can be included into a perfect matching, M. 

To identify quickly a set RE, the algorithm makes use of the following crucial 
definition. For SC=E, rank (S)=max [SAM[, where the maximum is taken over 
all the perfect matchings M in G. An immediate observation is that for any set S, 
the set RE={eEE--S[rank(S)=rank (SUe)} is redundant. If i is chosen uni- 
formly in the set {I . . . . .  (5/6)1E1}, IEI=>0.751VI, and S is then chosen uniformly 
among the subsets of  E of size i, it is shown that the derived RE satisfies (2.1). 

The computational task in each iteration is thus: 

Problem 3. For input S, SeE, compute rank ( S U e ) - r a n k  (S) for all eEE-S. 

The KUW-algorithm solves Problem 3 as follows. 
At first we consider the simpler case of bipartite graphs, G=(V, E), with 

the two sets of  vertices {ul, u2 . . . . .  Un} and {vl, v2 . . . . .  v,}. For a subset TC=E a 
matrix, B(T, y)=(bi~(T, y)), is defined by 

[ yx~j, if {ul, v~}ET; 
(2.2) b,j(T, y) = Ix,j, if {u,, v.i}EE-Z; 

t0, if {u. vAe E. 

Here y, x~j are indeterminates. Then it is observed that 

(2.3) rank ( r )  = deg r det B(T, y), 

where deg r q(y) denotes the degree in y of a polynomial q(y) (q may also depend 
on other variables). The algorithm computes rank (T) by using random substitution 
for the variables x~j and by computing the determinant of a matrix of polynomials 
(in one variable y). The degree of the resulting polynomial is equal to the rank of T, 
with high probability. Problem 3 is solved by computing rank (T) for TE{S}U 
U{SUe[eEE--S}. For computing the determinant of  a matrix of polynomials, 
the very general algorithm of [2], [1], is used. To compute the [E--S[ ranks, [7] 
compute [E-S[=O(n 2) determinants; the algorithm of [2], [1] computes each 
determinant using n M(n) arithmetic operations (performed with polynomials of  
degrees up to n in y), so a total of  Oa(n4M(n)) processors is required (even provided 
that the fast and efficient algorithms based on the FFT are applied in order to per- 
form the n-th degree polynomial multiplications using O(log n) time, n processors). 
The coefficients of  the computed polynomials are generally large; such a coefficient 
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may require more than n binary digits to represent it, so the Boolean processor 
bound grows to nSM(n), even if we apply the known advanced parallel algorithms 
[13], for arithmetie operations with numbers. 

We substantially improve this solution of Problem 3 using the following 
changes: 
(a) Operate with integers rather than with polynomials. 
(b) Make use of Theorem 1.2. 
(c) Use the possibility to comPute all (up to n z) ranks for the price Of one. 
([12], implement an observation similar to c).) 

We let Iqlp denote the p-adic order of  an integer q (where p >  1 is a fixed 
integer, usually a prime), that is, the largest integer k such that pk divides q, compare 
[15]. Surely O(log (log q/logp)) multiplications and divisions suffice to compute the 
p-adic order Iqlg for given p and q. The p-adic order of a nonzero polynomial q(x) 
is defined as the leastp-adie order of the coefficients of  q(x) and is denoted [q(x)l., 
Here and hereafter x denotes a set of  variables {x~1}. 

The following lemma is obvious. 

Lemma 2.1. Let qo(X) denote the sum of all monomials of  a polynomial q(x) having 
the p-adic order s=  Iq(x)lr Let .~"~ l rx~ ~ denote a set of integer values of  x~l. Then 

Iq(x~ = Iq(x)lp unless pS+X divides qo(x~ 

Lemma 2.1 immediately suggests a randomized algorithm for the evaluation 
of the p-adie order of a polynomial q(x), by choosing random integers ~1 and a 
random prime p in sufficiently large intervals and computing Iq(x~ For any 
matrix of polynomials g(x) below we use the notation/~ for B(x~ 

To solve Problem 3, we "tag" the edges differently from (2.2). For T E E  
and a prime p, we define the-matrix B(p, T)=(b~j(p, T))=pB(T, l/p), such that 

x~j, if {ui, vl}ET; 
blj(p, T) = ]px~j, if {ut, vj}EE-T; 

[0, if {u,,vj}C~E. 

I.emma 2.2. degy det B(T, y ) = n -  [det B(p, T)lr. 

Proof. Expand det B(T, y) and det B(p, T) as the two sums, each of n! monomials 
ink(T, y) and ink( p, T), respectively, k =  1, 2 . . . . .  n!, and note that degymk(T, y )+  
+link(P, T)lp=n for all k. I[ 

It follows from (2.3) and Lemma 2.2 that rank(T)=n--ldetB(p, T)Ip. 
We are able to use one solution to Problem 2 for computing all the ranks in 

Problem 3 by observing that B(p, SDe) differs from B(p, S) in exactly one entry 
and thus 

(2.4) dot B(p, SUe) = det B(p, S ) + ( 1 - p ) x o ( a d  j B(p, S)),i, 

where e=  {ul, v j}. So we solve Problem 3 in ease of  bipartite graphs as follows: 
Choose a random prime p, n<-p~_n ", r > 4  fixed. 
Choose a random assignment x~ {x~t}, x~-E[l . . . . .  n']. 
For B=B(p, S) compute det/~ and adj ffas in [10]. 



194 Z. GALIL,  V. PAN" 

Use (2.4) to compute det B(p, SUe) for all e r E -  S. 
Compute the p-adic orders of  det B and det B(p, SUe) for all e E E - S  and 
use them as the corresponding ranks for computing the output. 

Lemma 2.3. The probability of  an error in any of  the outputs is O(1/nr-4). 

Proof. Let q(x) denote detB(p,  T) where T=S or T=SUe. Note that q(x)~O. 
It follows from [14], that 

(2.5) Probability (q0(x ~ = 13) ~= n ~-r = l/n "-~. 

Next assume that qo(x ~ ~0. Hadamard's inequality, [8], implies that Iqo (x~ ~_ n t'+~ 
so qo(x~ ~ for s<-n has less than (r+ 0 .5 )n - s  distinct prime factors greater than 
n. On the other hand, we choose p at random among at least n'/(cr log n) distinct 
prime factors greater than n for a constant c, 0 < c <  ~. 3herefore 

(2.6) Probability(p~+~ divides qo(x~ <- cr((r +O,5)n-s) log n/n" 

unless q0(x~ 0. 
(2.5) and (2.6) imply that the probability of  an error in computing [q(x)lv 

is O(1/n'-2). Computing the p-adic orders of det B(p, T) for all the I+IE- -SI  
edge sets T may increase that error probability at most 1 + I E -  S I <- n 2 times. II 

For the general graph the KUW-algorithm defines a 2nX 2n matrix, B* (T, y )=  
= (b*(T, y)), by 

(2.7) 

yxlj, if {vi, vj}CT and i < j ;  
] -  yxl,, if {v,, vj}CT and i > j; 

bS(T, y) = ]x,j, if {v,, v~}EE-T and i < j ;  
i-xJ,, if {v , ,v j}rE-T and i > j ;  
{0, if {vi, v./}r E, 

while we use the matrix B*(p, T)=(b~(p, T))=pB(T, l/p), such that 

x u, if {v~,vj}ET and i < j ;  
] - -x j , ,  if {vi, vj}ET and i > j ;  

(2.8) b~(p ,T )=)px  u, if {vi, v j } rE-T  and i < j ;  
[-px~,,  if {v , , v j } rE-T  and i > j ;  
[0, if {v~,v~}r 

compare (2.2). 
The KUW-algorithm immediately follows from the next important lemma. 

Lemma 2.4, [7]. 2 rank (T) = deg r det B* (T, y). 

We immediately extend Lemma 2.2 and obtain that 

(2.9) deg r det B*(T, y) = 2n- [de t  B*(p, T)[ v. 

We encounter, however, an obstacle when we vary T" we cannot apply (2.4) because 
B*(p, S) differs from B*I(p, SUe) in two entries, so we need to extend Lemma 2.4. 
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For e={vi, vj} we define two matrices, B+(S, e,y), B- (S ,  e,y), with the 
same entries as B*(S, y) (and B*(SUe, y)), except that for the entries corresponding 
to the edge e=  {v~, vj}, i<j, we set 

b~ (S, e, y) = yx u, b~ (S, e, y) = - x  u, 
(2.10) 

b~ (S, e, y) = xij, b~ (S, e, y) = -yxsj ,  

that is, in each of  the two matrices only one of the two entries corresponding to 
e is tagged differently from B*(S, y). Consequently, we can use an analog of (2.4) 
with B+(S, e,y) or B-(S ,  e,y) instead of B*(SUe, y). Hereafter we will designate 
D(e, y)=de t  B + (SUe, y)+de t  B- (SUe ,  y). Now we are ready to state the desired 
extension of Lemma 2.4, which we will combine with the equation (2.9) and with 
its following simple extension, 

degy D(e, y) = 2n-ID(p,  e)lp,D(p, e) = pD(SUe,  lip). 

Lemma 2.5. For each e r E - S ,  rank ( S U e ) - r a n k  (S)=deg~ D(e,y)-- 
-- degy det B* (S, y). 

Proof. The proof will follow the line of the proof of Lemma 2.4 in [7]. Let P denote 
the set of  all the permutations a of {1, 2 . . . . .  n}. The set P is partitioned into two 
subsets, EP and OP. EP is the set where all cycles of each permutation are even; 
OP is the set where each permutation includes an odd cycle. Let M denote the set 
of all permutations where every cycle has length 2. Each permutation of P defines 
the unique monomial in {xi~}y in each of detB*(S,y) ,  detB+(SUe,  y), 
det B-(SUe ,  y) (the monomial may equal 0). Let a permutation tr define monomials, 
m*(a), m+(a), m-(a),  of detB*(S,y),  detB+(S,y),  de tB- (S , y ) ,  respectively. 
The argument of the proof of Lemma 2.4 in [7] and its immediate extension lead 
to the following results. 

Proposition 2.1. Either m* (a) = 0 or deg~ m* (tr) equals the number of edges (h, a(h)) 
in S. Either m+(a)=m-(a)=O or i=a(j) ,  j=tr( i) ,  and degy(m+(a)+m-(tr)) - 1 

U + equals the number of  edges (h, (h)) in SUe  or degy (m ( a ) + m -  (a)) equals 
the number of  edges (h, tr(h)) in SUe. 

Proposition 2.2. 
X X 

aEOP aEOP aEOP 

Proposition 2.:}. I f  aEEP, then there exists permutations ~, z +, ~- in M, such 
that degy m*(T)_~degy m*(cr), degy m + (~+)~degy m+(a), degy m-(-c-)~degy m-(~). 

Since the monomials do not cancel each other, Propositions 2.1--2.3 com- 
bined immediately imply Lemma 2.5. | 

The algorithm that solves Problem 3 for general graphs follows. (Lemma 2.3 
still holds.) 

Choose a random prime p, 2n~_p~_ (2n)', r > 4  fixed. 
- -  Choose a random assignment x~ {x~t}, x~~ . . . . .  (2n)']. 

For /~*-/7*(p, S) compute det B* arid adj/~* as in [10]. 
- -  Use the analogs of (2.4) for computing det/~+(p, S, e )+det /~- (p ,  S, e) and 
output rank (S) and rank (SUe) for all eCE-  S. 
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3. Extension to other combinatorial problems 

The extension of Theorem 1.1 to problems i)--iv) listed in the Introduction 
follows the pattern of [7]. In particular problem i) of  finding a perfect matching of 
maximum weight in a graph G= (V, E, w) is reduced in [7] to computing Rank~,(T) 
for T=S,  T=SUe,  T ~ E ;  Rank,~(T) is defined to be the maximum number Of 
edges from T that participate in a perfect matching of maximum weight in G. Surely 
we may reduce finding a maximum weight matching in G to finding a perfect mat: 
thing of maximum weight in the complete graph with the same vertices and with 
zero weights for all edges not in E. 

T o  compute Rankw(T), [7] define the following matrix, B(T, w,y, z)= 
= (b,j(T, w, y, z)), 

] yzW(~'l)xij if {i,j}ET, i < j, 
-yzWC-l'J~xjf if {i,j}ET, i > j ,  

(3.1) bt~(T, w, y, z) < i f  {i,j}.CE--T, ! j, 
I--zW't'J'xj, if { i , j }EE-T , i  > j ,  
to if {i, j}~ E. 

Here y, z, xtj are indeterminates, w(i , j )=w(( i , j} )  is the weight of  the edge {i,j}. 
(We may add the same constant to all w(i,j), so we assume that re, in w,j=0.) 

Theorem 3.1, [7]. Let 
L 

T c  E, detB(T, w,y, z) = .~Qh(y)r~ and L = max{hlQnO,) # 0}. 
h = 0  h 

Then l) the maximum weight of  a perfect matching in G is L/2; 2) Rankw(T)= 
= degr (QL(y). 

Remark3.1. Part 1 of Theorem 3.1 does not depend on y;  it remains true.even if 
y =  1, ,which turns B(T, w, y, z) into the matrix B(E, w, z)= B(T, w, 1, z), whose 
entries do not depend on T, 

[zWt"1)x,~ if {i,j}EE, i < j ,  
b,j(E, w , z ) = b q ( r ,  w, l , z )  =[oZWt"l~xdl if {i,j}Ee, i >j ,  

if {i,j}~ E. 

To improve the processor bounds, we replace the matrix B(T, w, y, z) by the 
matrix B(p, T, w)=(bi~(p, T, w))=pl+2,w*B(T, w, I/p, I/pen), such that 

(3.2) 

( p~n (w*- w (t, l)) X~j 

i__  p2n (w*- w (f, Y)) Xj~ 
if {i,j}ET, i < j, 
if {i,j}ET, i > j ,  
if { i , j }EE-T,  i < j, 
if { i , j }EE-T,  i > j ,  
if {i, j}~ E, 

w* = m a x  w t * , j j .  - i d  
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Remark3.2. To obtain (3.2) from (3.1), substitute y=l/p, z=l]p" in (3.1) and 
multiply the resulting matrix by pl+~,w*. In the case where w(i,j)= 1 for all i, j, 
(3.2) turns into (2.8). 

Let us verify that 

( 3 . 3 )  Rankw(T) = degy QL(Y) = 2n-Ide t  B(p, T, w)lp (mod(2n)), 

Compare (2.9), Lemma 2.2 and part 2 of q-heorem 3.1. Indeed, 

[det B(p, T, w)lp = [det(pl+2"W*B(T, w, l/p, 1/p2"))]~, = 

= lp ~n(l+~"*~ det B(T, w, I/p, 1/p~ = 

L 

= IP enCl+2~*) Z an(1/p)/P2"hlp = IP 2"(1+~*-L) QL(1/P)[p �9 
h = 0  

The latter equation follows since deg~Qh(y)~=2n, so Qh(1/p)=kh/p 2~ for some 
i n t ege r s  k h for all h. 1his immediately implies (3.3). | 

It remains to compute the p-adic ranks Of det B(p, T, w) for T= S and for 
T= SUe for all eEE- S. We apply our algorithm for Problem 3 for general graphs, 
given at the end of the previous section, with the following changes: 
- -  Choose r such that 
(3.4) (2n)'-5 > w*. 

- -  Replace the matrices B*(p, S) by B(p, S, w), B+(p, S, e) by B+(p, S, w, e), 
and B-(p, S, e) by B-(p, S, w, e). 

- -  Replace rank (S) by rank,~(S) and rank (SUe) by rankw(SUe). 
Here the auxiliary matrices B+(p, S, w, e) and B-(p,  S, w, e) have the same entries 
as B(p, S, w), except that the entries corresponding to the fixed edge e=  {vt, vj}, 
i<j,  are defined as follows (compare (2.10)), 

b~ (p, S, w, e) = p~"C'~*-wc~'~))x~j, b]i (p, S, w, e) = _ p~+2,c~*-~c,.j)~ xlj, 
(3.5) 

b~(p, S, w, e) = pt+~nc~*-wCZ'J))xly , b~(p, S, w, e) = -p2"r 

Lemmas 2.3 and 2.5 are easily extended to this case. (Note that we change 
our choice of r while extending Lemma 2.3 and we use (3.3) and (3.5), instead of 
Lemma 2.2 and (2.9), while extending Lemma 2.5.) She resulting processor bound 

�9 2 in the Boolean circuit model is O,(w n M(n)), which is the desired bound for Problem 
i) in case of general graphs; this is the nw* times increase of our processor bound 
for computing a perfect matching in a graph, see Section 2 (such an increase occurs 
because the entries of the matrices B(p, S, w), B+(p, S, w*, e), B-(p,  S, w, e) can 
be (cnw* log n)--bit integers for a positive constant c, that is, generally they are 
nw* times "longer" than the entries of the matrices B(p,S), B + (p, S, e), B-  (p, S, e)). 

Next we will refine the latter processor bound to On(w'riM(n)) in case of 
bipartite graphs. We will use the following simple extension of the first statement 
of ]-heorem 3.1. 

Lemma 3.1. The maximum weight of  a perfect matching in G equals IV=nw*- 
-(Idet  B(p, E, w)lp)/2. 
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Proof. Recall Remark 3.1, substitute z=  lip into the matrix B(E, w, z)=B(T, w, 1, z), 
multiply the resulting matrix by pw* and arrive at the matrix B(p,E, w)= 
=pw*B(T, w, 1, I/p), whose entries do not depend on T. Similarly to the proof of 
Lemma 2.2, we now verify that L+ldet  B(p, E, w)lp=2nw * where 2L equals the 
maximum weight of a matching in G (see "lheorem 3.1). il 

Remark 3.3. It follows that the maximum weight of  a (perfect) matching in G can 
be computed by a probabilistic algorithm in expected time O(log ~ (w'n)) using 
OB(w*n M(n)) processors. Furthermore the same estimates follow for the problem 
of computing (perfect) matching of  maximum weight in G if such a matching is 
unique. Indeed, we may apply Lemma 3.1 replacing E by E--e for all eCE. It remains 
to test for each e r e  if Idet B(p, E, w)Ip= Idet B(p, E--e, w)Ip in order to identify 
the edges of the unique perfect matching of maximum weight in G. Extending Lemma 
2.5 we reduce computing the p-adic ranks of  det B(p, E, w) and det B(p, E - e ,  w) 
for all eEE to computing det B(p, E, w) and adj B(p, E, w). 

This approach can be extended to the following interesting result. 

Lemma 3.2. (A. Broder [4], and H. Gabow [6]). Let G=(V, E, w) be a bipartite 
graph; let an edge of G be called good if  and only i f  it belongs to a perfect matching 
of maximum weight in G. Then every perfect matching in G consisting of  only good 
edges has maximum weight. 

Remark 3.4. Lemma 3.2 does not hold for general graphs G. 

Lemmas 3.1 and 3.2 immediately imply the desired processor bound 
On(nw*M(n)) for problem i) for bipartite graphs. Indeed we identify the set S of 
all the good edges e~E as the edges such that Rankw({e})~Rank~(0) where 
denotes the empty set and {e} denotes the singleton consisting of  the edge e. (3.3) 
implies that the latter inequality can be equivalently rewritten as follows, 
Idet B(p, {e}, w)[~ldetB(p,  O, w)[p mod (2n). Testing the latter inequality for all 
eEE can be reduced to the evaluation of det B(p, ~, w) and adj B(p, ~, w), com- 
pare (2.4). Furthermore we may replace n by 1 in the exponents of (3.2) and (3.5) 
because we only seek the ranks of  singletons, so the processor bound decreases by 
a factor of  n, as we desired. Then it remains to find a perfect matching in the un- 
weighted subgraph G*= (1I, S) of  G. I 

The arguments of [7] can be used to deduce the required estimates for Prob- 
lems ii)--iv) from our estimates for Problems 1 and i). (Note that Problem iv) is 
reduced to solving Problem i) for a bipartite graph with IEI< IVI ~ vertices.) 
Remark 3.5. Let us show that Problem i) can be solved in expected parallel time 
O(log 3 n) using ( W + n ( l + l o g  ~))nM(n)) processors where W<-nw * is the maxi- 
mum weight of  a perfect matching in G, ~ _  w* is the maximum weight of  an edge 
in perfect matchings in G. We may assume that W is known (see Remark 3.3). Next 
we recall that our definition of the p-adic rank of an integer q can be extended to 
the rationals of  the form q/ph. ~fhen (3.3) immediately reduces the evaluation of 
Rankw(T) to computing [det/~T[~ where BT=B(T, w, l/p, 1/p~n), compare (3.1), 
(3.2). The expansion of  de tBr  as a sum of monomials consists of at most (2n)! 
monomials, each associated with a perfect matching in G (other monomials vanish, 
see (3.2)). Every nonzero monomial has its absolute value lying between p - w  and 
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(x*)" where x*=m~xxsj~_(2n) " . . ,  We choose r such that x*~_(2n)'<~n 6 (note that 

we may replace w* by �9 in (3.4) if we have already identified the set of good edges) 
and assume that de tBr~0 ,  compare [14]. 1hen p-W~_ldetBrl~_(2n)!(kn6)". 
Next we choose q such that 

(3.6) q > 2pW(2n)!f~ne) ~ ~_ 2pWIdet/~rl, 

compute det/Tr mod q, then pry det Br mod q, then recover pry det/~r, see (3.6), 
and finally compute [pW det BT-Ip and Idet/~rlp= IP" det/Tr[~-- W. We apply the 
algorithm of [10] with appropriate modifications in order to compute det Br mod q 
(as well as adj Br m o d q ) i n  O(log z (nq)) steps using OBOogqM(n)) processors. 
1his implies the desired bounds on the complexity of solving problem i). (At first 
the algorithm of [10] is applied to computing d e t B r m o d g ,  g~_n ~ and then 
that value is lifted to computing det Br mod q, q being a power ofg.) Similar saving 
can be achieved in bipartite ease. 

4. Open problems 

1. Find an algorithm to invert a general matrix A=(ail) and to compute its de- 
terminant in time O(logZn) with Oa(M(n)) processors, see also Remark 1.1. 
(In [10] the latter bounds were proven assuming that all the entries af~ are integers 
and that log max laijl = n~ 

2. Improve the time complexity of Problem 1 to O (log a n) preserving our processor 
bounds. 

3. Improve the processor complexity of Problems (i)--(iv). Note that for Problem 
(iv) we achieved the largest improvement (O(neM~(n)) versus O(nl2M~(n))), but 
a different reduction might yield an even better processor bound. 

4. Find efficient parallel algorithms for Problems 1 and/or (i)--(iv) that do not 
reduce them to Problem 2. 

5. Is the problem of finding a maximum weighted matching in general (or even 
bipartite) graphs in RNC (in the arithmetic model or in the Boolean model) 
when weights are given in binary (or even as infinite precision real numbers)? 

6. Find parallel deterministic algorithms for Problems 1, 2, i)--iv) leading to the 
same (or even to slightly larger) complexity bounds as our algorithms. 

References 

[1] S. BERKOWrrz, On Computing the Determinant in Small Parallel Time Using a Small Number 
of Processors, Information Processing Letters. 18 (1984), 147-- 150. 

[2] A. BORODIN, S. COOK and N. PIPPENGER, Parallel Computation for Well-Endowed Rings and 
and Space-Bounded Probabilistic Machines, Inform. and Control, 58 (1983), 113--136. 

[3] A. BOROD~, J. YON ZUR GATt~EN and J. HOPCROFT, Fast Parallel Matrix and GCD Computa- 
tions, Inform. and Control, 53 (1982), 241--256. 

[4] A. BRODER, private communication, 1985. 
[5] D. COPPE~MrrH and S. WINOGRAD, Matrix Multiplication via Arithmetic Progressions, Proe. 

19th Ann. ACM Symp. on Theory of Computing, 1987, 1--6. 
[6] H. GABOW, private communication, 1985. 



2 0 0  Z. GALIL, V. PAN: IMPROVED PROCESSOR BOUNDS 

[7] R. M. KARP, E. UPFAI: artd A. WX6D~RSON, Constructing a Perfect Matching Is in Random 
NC, Proc. 17-th Ann. ACM Symp. on Theory o f  Computing, (1985), 22--32. 

[8] M. MARCUS and H. MINC, A Survey o f  Matrix Theory andMatrix lntequalities, Allyn and Bacon, 
Boston, 1964. 

[9] K. MULMULEY, U. VAzIrtANI and V. VAZlRA~, Matching Is As Easy As Matrix Inversion, 
Combinatorica, 7 (1987), 105--114. 

[10] V. PAN, Fast and Efficient Parallel Algorithms for Exact Inversion of Integer Matrices, Proe. 
Fifth Conf. on Software Technology and Theoretical Computer Science, Computer Science, 
206 (1985), 504--521 ; Complexity of Parallel Matrix Computations, Theoretical Computer 
Science, 54 (1987) (to appear). 

[I1] F. P. PREOARATA and D. V. SARWATE, An Improved Parallel Processor Bound in Fast Matrix 
Inversion, Inform. Proc. Letters, 7 (1978), 148--149. 

[12] M. O. RABItq and V. VAzmnrqi, Maximum Matchings in Graphs through Randomization 
Tech. Report TR-15-84, Center for  Research in Comp,tter Technology, Aiken Computation 
Laboratory, Harvard University, 1984. 

[13] J. E. SAVAGE, The Complexity o f  Computing, John Wiley and Sons, N.Y., 1976. 
[14] J. T. SCrtWARTZ, Fast Probabilistic Algorithms for Verification of Polynomial Identities, J. of 

ACM, 27 (1980), 701--717. -. 
[15] D. Y. Y. YON, Algebraic Algorithms Using p-adic Constructions, Proc. 1976 A C M  Syrup, 

Symbolic and Algebraic Computation, (1976), 248--259. 

Zvi Galil Victor Pan 

Computer Science Department 
Columbia University and 
Tel-Aviv University 

Computer Science Department 
State University o f  New York 
at Albany 


